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In this paper we prove in a rather general setting that the integral closure of ideals and 
modules is preserved under specialization modulo generic elements. Recall that the integral 
closure I of an ideal / in a commutative ring R is the set of all elements y that are integral 
over /, i.e., satisfy a polynomial equation of the form 

y"" + aiy™-^ + . . . + aiy' + . . . + a„ = , 

where Oj S P. Alternatively, one can consider the Rees algebra TZ{I) of I, which is the 
subalgebra R[It] of the polynomial ring R[t]. The integral closure TZ{I) of 7^(/) in R[t] 
is again a graded algebra, and its graded components recover the integral closures of all 
powers of /, 

nil) = R®It QPt"^ ® . . . ®Pf ® . . . . 

In our main result, Theorem l2.H we consider a Noetherian ring R such that the completion 
{Rm/ is reduced and equidimensional for every maximal ideal m of R, and an i?-ideal 
/ = (oi, . . . , an) of height at least 2. We prove that 



r/{x) = i'/{x) , 

where x = ^i'^i is a generic element for I defined over the polynomial ring R' = 

R\ zi, . . . , Zn] and /' denotes the extension of / to R' . This result can be paraphrased by 
saying that an element is integral over / if it is integral modulo a generic element of the 
ideal. Other, essentially unrelated, results about lifting integral dependence have been 
proved by Teissier, Gaffney and Kleiman, and Gaffney ([23], [24] [S], [3 5.4]). They go 
under the name 'principle of specialization of integral dependence' and play an important 
role in equisingularity theory. 

The above theorem opens the possibility for proofs using induction on the height. This 
yields, for instance, a quick proof of Huneke's and Itoh's celebrated result on integral closures 



'Partially supported by the NSF. 



1 



of powers of complete intersections ([8], |13j). see Theorem 12.41 If i? is a ring as above and 
/ an ii-ideal generated by a regular sequence, then 7"+^ p| /" = U"^ for every n > 0. 

The proof of our main result is based on a vanishing theorem for local cohomology 
modules; this is natural as the obstruction to specialization of integral closure lives in a 
cohomology module. Thus in Theorem 11.21 we consider a ring R as above, an i?- ideal /, the 
extended Rees algebra A = R[It,t~^], its integral closure A in R[t,t~^], and an arbitrary 
homogeneous ^-ideal J of height at least 3 containing t~^] in this setup we show that 
the second local cohomology module Hj{A) vanishes in non-positive degrees. Theorem 12. II 
about the specialization of / follows from the vanishing of this module in degree zero; indeed, 
the algebra A recovers the integral closures of the powers of / as it coincides with TZ{I) in 
non-negative degrees. The main idea in the proof of Theorem 11.21 is to pass to the graded 
ring associated to the filtration of fractional powers {/ e |n > 0} and to observe that this ring 
is reduced for suitable e, see Lemma ll.lT b). One can then use the fact that the first local 
cohomology module of a positively graded reduced ring vanishes in negative degrees, which 
translates into the vanishing of the second local cohomology of A in non-positive degrees. 
Theorem 1 1 . 2 1 and its proof essentially go back to Itoh ([131 Lemma 5]), but special care must 
be exercised due to the fact that the various integral closures appearing in the proof need not 
be Noetherian. Itoh uses this result to prove his theorem about integral closures of powers 
of complete intersections ([l3l Theorem 1]), described above as Theorem 12. 4} his paper [13] 
is devoted to that proof. Based on this theorem, he gives a proof of specialization of integral 
closures in [141 Theorem 1], but only for parameter ideals in analytically unramified local 
Cohen-Macaulay rings; thus our main theorem. Theorem 12.11 was known to Itoh for that 
class of ideals (or more generally, for complete intersection ideals). 

Another set of applications of our main theorem concerns integral closures of modules. 
Thus let -R be a Noetherian ring and E a finite i2-module having a rank, say e, by which we 
mean that K^^E is a free module of rank e over the total ring of quotients K of R. In this 
case the Rees algebra 'R-{E) is defined as the symmetric algebra S{E) modulo i?-torsion. 
The Rees algebra is a standard graded i2-algebra whose i^^ graded component we denote by 
E^. HE is torsionfree one can embed E into a free module F with basis {ii, . . . and 
we obtain TZ{E) as the image of the natural map S{E) S^F), or in other words, as the 
i?-subalgebra R[E] of the polynomial ring S{F) = R[ti . . . ,tn]- In particular, ioi E = I <Z R 
an ideal this notion of Rees algebra coincides with the one given at the beginning of the 
introduction. If on the other hand E fails to have a rank, then the definition needs to be 
modified considerably, see [1] . Once the notion of Rees algebra is in place, one can easily 
introduce the concepts of reduction, integral dependence, and integral closure of modules. 
Assume that E is torsionfree. Given two submodules ?7 C F of -E, we say that V is integral 
over U in E \l the inclusion of subalgebras of TZ{E), 

R[U] c R[V] 

is an integral ring extension. The module E is integral over U, or [/ is a reduction of E, 
if E is integral over U in E, or equivalently, E"^^^ = UE'^ for some n > 0. Finally, the 



2 



integral closure U of U in E is the unique largest submodule of E that contains U and is 
integral over U in E; it can also be described as the degree one component of the integral 
closure of the subring R[U] in TZ{E). liU = U we say that U is integrally closed in E. 
Now let i? be a Noetherian normal ring and U a finite torsionfree i?-module having a rank 
e. We can embed U into a free module F = of the same rank e. As 1^(17) ^ T^iE) is 
a finite birational extension and TZ{E) = S{F) is a normal ring, we have that the integral 
closure Tl{U) of 1Z{U) in 'R-{E) coincides with the integral closure ofTZ{U) in its total ring of 

— F 

quotients, and hence does not depend on the embedding U^FofU. Thus we call U the 
integral closure of U and write U = U . We say that U is integrally closed provided U = U. 
As it turns out, U"' coincides with the degree n component of T^{U) for every n ([22j. [21j). 
and thus U is said to be normal if C/" is integrally closed for every n, or equivalently, if 
7^(J7) is a normal ring. 

To state our main theorem about specialization of integral closures of modules, Theo- 
rem 14. 5( let i? be a Noetherian normal ring such that for every maximal ideal m. of R the 
completion {Rm/ \/0F is reduced and equidimensional, and let E = X]r=i ^'^i ^ torsion- 
free i?-module of rank e > 2 such that for every prime ideal p of i? with depth Rp <2 either 
Ep has a nontrivial free summand or Rp is regular. We prove that 

E'/{x) = W/{x), 

where x = X^ILi -^jO^i is a generic element for E defined over the polynomial ring R' = 
R\ 

zi, . . . , Zn] and E' — R' <S)ii E. The significance of this theorem is that it turns questions 
about integral closures of modules into problems about integral closures of ideals, by means 
of a construction known as Bourbaki ideals. In fact, factoring out the submodule generated 
by e — 1 generic elements xi, . . . , Xe-i for E one obtains an ideal / = I{E) called the generic 
Bourbaki ideal of E. As an immediate consequence of Theorem 14.51 we deduce that 

7 = E'/{xi,. . . ,Xe-l) , 

provided i? is a ring as in the theorem and E is a finite torsionfree -R-module of rank e > 2 
such that for every prime ideal p of R with depth -Rp < 2 either Ep has a free summand of 
rank e — 1 or i?p is regular, see Corollary 14.61 

Using this approach, one immediately deduces the results of Kodiyalam and of Katz 
and Kodiyalam ([16j, [15j) about integrally closed modules over two-dimensional regular 
local rings from the corresponding classical theory for ideals, going back to Zariski ([25], 
[S]). The proof of Theorem 14.51 requires an adaptation of Theorem 12.11 to modules, see 
Theorem 14.31 ^ well as a separate treatment of the case of two-dimensional regular local 
rings, see Theorem 13.51 For the latter result we use aspects of Kodiyalam's work, which we 
summarize in Theorem 13.21 For the most part however, we recover his results through the 
method of Bourbaki ideals. 
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1 A vanishing theorem for local cohomology modules 



In this section we present the vanishing theorem that will be used to prove specialization 
of integral closure. 

Let R he a Noctherian ring and I an i?-ideal. Denote the extended Rees ring of / by 

A = R[It, t"^] and the integral closure of A in R[t, t~^] by A . Let vi, . . . ,Vr be the Rees 
valuations of / (Reference). Let e be the least common multiple of the values vi{I), . . . , Vr{I) 

of /, and u a new indeterminate with = t and degn = -. Hence we identify R[t, t~^\ with 

e 

a subring of R[u,u'~^]. Consider the Noetherian graded subring S = A[u~^] of R[u,u~^]. 
In fact S is of the form 

5 = • • • e Ru'^ ® R® lu® lu^ ® ■ ■ ■ ® lu^ ® I'^u^^'^ e fu^^"^ e • • • e fu^" e • • • . 

Note that .4 is a Veronese subring of S. Denote the integral closure of S in R[u,u~^\ by 
S. Then ^ is a Veronese subring of S. Let a be an element of R and n an integer. Then 
avP G 5 if and only if a^t^ G A, or e I^. Therefore S is of the form 

5 = • • • e Ru-^ ®R® </lu ® v^M^ e • • • e </7^u'' ® v^^tt^+^ ® • • • </l^u^'' © • • • , 

where = {a e R \ E /"}. For a ring R with the nilradical M = \/0, we denote R/M 
by Rred- 

Lemma 1.1 Let R be a Noetherian, locally equidimensional, universally catenary ring of 

dimension d such that locally R^cd is analytically unramified. Let I = (ai,...,a„) be an 
R-ideal with ht / > and A = R[It,t^^] the extended Rees ring of /. Let e be the least 
common multiple of the Rees valuations vi{I), . . . ,Vr{I) of I and u a new indeterminate 

with = t and degu = -. Let S = A\u~^\ and S denote the integral closure of S in 

e 

R[u,u-^\. 

(a) Let Sred denote the integral closure o/ 5red RrediujU'^]. Then Srcd is a finitely 
generated R-algebra and {Srcd)m is equidimensional of dimension d + 1 for any ho- 
mogeneous maximal ideal 91 o/5red- 

(b) £ = S/u~^S is Noetherian and reduced. 

(c) Let R' = R[zi, . . . , /' = IR' , and x = Y17=i -^i'^i- '^hen t~^, x is an A® R! -regular 
sequence. In particular, the image of x in {A/t~^A) ® R' is {A/t~^A) (8) R' -regular. 

(d) Let S denote the integral closure of £ in the total ring of fractions of £. Then £ is 
non-negatively graded. 

Proof, (a) By localizing, we may assume that -Rred is a Noetherian local analytically 
unramified ring. Then by [?] the integral closure 5red is a finitely generated i?red~algebra. 
Let 91 be a homogeneous maximal ideal of iSred- Since iSred is torsionfree over .4red and 
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^red is Noetherian and reduced, for any minimal prime ideal of {Srcd)<n, the ideal q = 
0n (Aed)oanAed is a minimal prime ideal of (Aed)9nAod- Since (Aed)'nnAod is universally 
catenary, the dimension formula between (Aed)?nnAod/l ('5rod)?n/0 holds ([TS', 15.6]). 
Therefore we obtain 

dim((5red)W^) = dim((Aed)?nnAcd/l) = dim((Aod)oinAod) ^ dim((cSrcd)?n), 

where the equality (*) holds because ^^ed is equidimensional and the last inequality holds 
because A^cd C tSred is an integral extension. Therefore (5i.ed)?n is equidimensional. Finally 
we have dim((5red)?n) = dim.{{Ared)<yinArcd) = d + ^ because H Ared is the homogeneous 
maximal ideal of Axed- 

(b) Suppose that aw" G S and that (au^)"^ € u~^S for some positive integer m. Then a'"*^ € 
e 1 

jnm+i_ Hence for each i = 1, . . . , r, we have — --^Vi(a) > n -\ . Since e/viil) is an integer 

Vi{I) m 

for each i, we get — —vAa) > n + 1, or a*^ G Therefore an""*"^ G \/ /n+i-jx^+i S. 

MI) 

Hence £ is reduced. Moreover £ = Srcd/u~^Sred so that £ is Noetherian. 

(c) Since £ = S^ed/W'^Sj-Qf^ by (b), £<yx is equidimensional and universally catenary of 
dimension d for any homogeneous maximal ideal ^ £ by (a). Therefore ht f+f^j = 
dim.{£(yx) — dim(£^<yi/£'+(j[) > for any homogeneous maximal ideal 91 of <S containing £^. 
Hence ht > 0. Since £ is reduced, grade <5+ > 0. We claim that <S_|_ C V I*£, where 
/* denotes the image of / in Any homogeneous element in £j^ is of the form a* £ £k, 

e 

where a* is the image of an element a G "s/l^ for A; > 0. Then G I^. For a sufficiently 
large integer I, we obtain a*^' G I'^' = Notice that a^^vf'^^ G 5^/, lu^ C 5i, and 

jki-iye{ki-i) ^ Hence a*^' G I*£, which proves the claim. Thus grade I*£ > 0. 

Since the leading form x* oi x in £ R' is a generic element of I*R' , the leading form x* 
is an £" (8) i?' -regular element. It follows that u~^,xu'^ is an 5 i?'-regular sequence. Then 
{u^^Y = t^^,xt is an ^(8)i?'-regular sequence. In particular the image of x in {A/t^^A)0R' 
is a regular element of {A/t~^A) R'. 

(d) Since £ is Noetherian, there exist finitely many minimal primes of £, say £)i, . . . ,£2s- 
Notice that £2i, . . . ,£2^ are all homogeneous. Let £/Qi denote the integral closure of £/£li 
in its field of fractions for each i = 1, . . . , s. Since £ is reduced, the integral closure £ equals 
<S/0i X • • • X £/0.s- By [m 2.3.4], the integral closure £/£li is non-negatively graded for 
every i. Hence £ is non-negatively graded. □ 

Theorem 1.2 Let R be a Noetherian, locally equidimensional, universally catenary ring 
such that locally i?red is analytically unramified. Let I be an R-ideal, A = R[It,t'^] the 
extended Rees ring of I, and A the integral closure of A in R[t, t~^] . Let J be a homogeneous 
A-ideal of height at least 3 containing t~^ . Then [Hj{A)]^ = for all n < 0, where [ ]„ 
denotes the nth component. 
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Proof. With the notation introduced in Lemma ll.ll it suffices to show that = 

for any n < because the integral closure ^ is a Veronese subring of S. Let £ denote 
the integral closure of £ in the total ring of fractions of £ and let d = dimi?. Then £ is 
non-negatively graded (Lemma II. ll -fc)). 

First we show ht JJ^ > 2 for any finitely generated graded subring £ containing 
£. Since dim(^/J) < d — 2, we have dim{J^/JJ^) < d — 2. It remains to show that J^<yi is 
equidimensional of dimension at least d for any homogeneous maximal ideal of J-. Since 

is a torsionfree f-module and £ is Noetherian and reduced (Lemma ll.ll -fb)). for any 
minimal prime ideal £3 of J^syi, the ideal q = £2 n £iy\ne is a minimal prime of £sy\n£- As 
£<y^£ is universally catenary, the dimension formula between £<y]n£/<^ a-^d T<yi/£l holds ([18l 
15.6]). Let n = 91 n Sred- Then we obtain 

dim(J^>jt/n) = dim(£:fnn^:/q) = dim((cSi.cd)n/On(cSi.ed)n) = dim((cSrcd)n)-l d > dim(:rcrt), 

where the equality (i) holds because £ = S/u^^S is reduced (Lemma ll.ll -(b)) so that 
£ = S^cd/u'^Sj-efi and the equalities (ii) and (iii) hold because O. n (5red)n is a minimal 
prime ideal of u~^(5i.ed)n and (5i.ed)n is local, equidimensional and catenary of dimension 
d + 1 (Lemma II . H -(a) ) . 

Next we claim that there exists a regular if^-sequence in J£ of length 2. Since £ is 
Noetherian and reduced, the integral closure f is a direct product of finitely many Krull 
domains ( [12\ 4.8.4]). Hence it is enough to show that ht J£ > 2. Note that £ has only 
finitely many minimal prime ideals, which are necessarily homogeneous. Suppose that J£ 
has a minimal prime ideal ^ of height at most 1. Since J£ is homogeneous, the prime ideal 
is homogeneous. Hence there exists a homogeneous element y S J£ such that is a minimal 
prime ideal of y£. For some n, J"<?*p is contained in y£f:p. Let J" = (/i, . . . , /s), where fi are 
homogeneous. For each i, there exists a homogeneous element Ui £ £\%i such that Uifi £ y£. 
Let Uifi = CLiy for some homogeneous element Oj G £. Write = £[ui, . . . ,Us,ai, . . . ,as,y] 
and let p = ^pn J'-", which is homogeneous. Then is a finitely generated graded subalgebra 
of £ containing £. Hence we obtain ht J J- > 2. On the other hand, for all i, Ui £ J^\p and 
y G p. Since Uifi E J^y, fi S yJ^p for all i. Therefore J^J^p is contained in yJ^p. But yj^p is 
a proper ideal of J-'p since y G p. Hence ht J J- < 1, which is a contradiction. 

Now we are ready to complete the proof. From the sequence — > 5(1) - — > 5 — > f — > 0, 
we obtain a long exact sequence 

> H]{£) > H%S{1)) H^j{S) > • • • . 

Suppose that a G [i/j(5)] _^ = \^H'j{S{1))\^__^ for some n < and that a 7^ 0. Let / be the 
smallest positive integer such that (u~^)'a = 0. Such integer / exists because belongs to 
Therefore u-'+^a E ker(- u'^) n [H]{S{1))\^__^ and n - / < -1. Now if we show that 
[ker(- u~^)\m = for all m < —1, then we get = u~^'^^a = {u~^y~^a, which contradicts 
to the minimality of I. Hence it is enough to show that [-ffj(iS)]^ = for all n < —1. Since 
there exists an £^-regular sequence of length at least 2 in J£, we get Hj(£) = Hj{£) = 0. 
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From the exact sequence Q^8^£^£/£^^, we have 

= H%£) . H%S/£) H]{£) > H]{£) = 0. 

Since is a non-negatively graded ring, = [iij(<?/<?)] ^ = for all n < —1. □ 

2 Specialization by generic elements of ideals 

We show that the integral closedness of any ideal of height at least 2 is compatible with 
specialization by generic elements. When the ideal is a complete intersection, this theorem 
is proved in [14| Theorem 1]. 

Theorem 2.1 Let R he a Noetherian, locally equidimensional, universally catenary ring 
such that locally R^cd "is analytically unramified. Let I = (ai, . . . , a„) be an R-ideal of height 
at least 2. Let R' = R[zi, . . . , z^], /' = IR' , and x = Then I' /{x) = I' /{x). 

Proof. Let A and T be the extended Rees rings of /' and I' /{x) respectively. Denote 
R'/{x) by D. Let A and T be the integral closures of A and T in R'[t,t^^] and D[t,t^^] 
respectively. The inclusion I'/{x) C I'/{x) induces a map ip : A/xtA — > T. Let J be the 
^-ideal {t^^,rt). Notice that J has height at least 3. 

First we claim that tpp is an isomorphism for all p ^ V{J). Suppose t^^ ^ p. Then 

(A/xtA) ~ A-i/a;*A-i ^ R'[t,t'^]/xR'[t,t-^] ~ D[t,t-^] ~ Tj-i. 

Suppose I't ^ p. We may assume that Ont ^ p. Then 

A = R'[I't,t-^ = R[zi,...,Zn][rt,t-^ ~ R[It,t-^[zu ...,Zn], 

where R[It,t~^] is the integral closure of R[It,t^^] in R[t,t^^]. Therefore 
{A/xtA)^^^ ~ (^R[lt,t-^][zi,...,zn]/ixt)^^ ^ 

n-l 

R[It,t-\Jz,,...,Zn]/{Y.^+^n) 

■ -I aril 
1=1 

~ R[It,t-\^^[zl,...,Zn-l]. 
On the other hand, {T)a„t C D[t,t~^]a„t and 

Now we have 
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{R[It,t~X^^) [Zi, . . . , Zn-l] ^ {mt, t-\^t) . . . , Zn-l]. 

Since [R[It,t~^^^^ [zi, . . . , Zn-i] is integrally closed in [R[t,r\^^t) [zi, ■ ■ ■ , Zn-i], this 
proves the claim. 

Denote the kernel and cokernel of (p hy K and C respectively. Our goal is to prove 
that Ci = 0, which we do by identifying C with H'j{A){—1). By the claim, we obtain 
K = H%K) and C = H^{C). From the exact sequence ^ K ^ A/xtA lm{ip) 0, 
we have H'j(A/xtA) ~ i7}(Im((^)) for all i > 1. 

Using the exact sequence — > lm{ip) ^ T — > C — > 0, we get 

= Hjir) > H%C) > Hjilm{^))^H}(A/xtA). 

Therefore C = H%C) ^ H](A/xtA). 

By Lemma ll.H -(c). we have H^{A) = 0. Hence from the short exact sequence — > 
xtA — > ^ — > A/xtA — > 0, we obtain 

Q = H](A) > H](A/xtA) > H%xtA). 

Therefore C ^ Hj{xtA). 

Let L = ann ^(xt). Notice that xt is a generic element for I't. Therefore L = Hj,^{L), 
which implies Hj,^{L) = for alH > 1. Similarly, as x is a generic element for /', we obtain 
^{Lf-i) = for all i > 1. Since J = {t~^,I't), we have an exact sequence (p, 8.1.2]) 

Hh^^_^iL,-.) HjiL) Hl,{L) H\_^{Lt-.) H^L) hI,{L). 

Therefore H']{L) = H]{L) = 0. The exact sequence ^ L ^ ^(-1) xtA^Q gives 
an exact sequence 

Q = H]{L) > H]{A{-1)) > HjixtA) > Hj{L) = 0, 

from which we conclude that C„ ^ [Hj{xtA)]^ ~ [Hj{A)]^_^. By Theorem [L2l we have 
[Hj{A)] = for all n - 1 < 0. In particular Ci = 0, that is, /'/(x) = T/{x). □ 

Corollary 2.2 Let R be a Noetherian, locally equidimensional, universally catenary ring 
such that locally Rred is analytically unramified. Let I = (oi, . . . , a„) an R-ideal of height 
at least 2. Let R' = R[zi, . . . ,Zn], L' = IR' , and x = Y17=i^i'^i- Then ^ (x) C /'. 
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Proof. Let y £ R' such that y"^ S (x) for some m. Then {y + (x))"* = in R'/{x). In 
particular, y + (x) € I' /{x). Since I'/{x) = I'/{x) by Theorem 12.11 we get y £ I'. □ 

Corollary 2.3 Lei (i?, m) be a Noetherian, equidimensional, universally catenary local ring 
such that Rred is analytically unramified. Let I = (oi, . . . ,an) an R-ideal of height at least 
2. Let R" = R[zi, /" = IR", and x = Then = T/{x). 

So far we have shown that integral closedness is preserved when passing to a generic 
hyperplane section. One of the main applications of this result is that we are able to use 
induction on the height of an ideal. For example, under slightly modified assumptions, we 
use this compatibility to give a direct proof of a well-known theorem on integral closures 
of ideals proved by Itoh and Huneke independently ([131 Iji [HI 4.7]). 

Theorem 2.4 Let R he a Noetherian, locally equidimensional, universally catenary ring 
such that locally R^cd is analytically unramified. Let I be a complete intersection R~ideal. 
Then 

Pi jn = Jjn for all n > 0. 

Proof. We may assume that g = ht / > 0. Denote the associated graded ring of / by G, 
that is, G = ^^/"//"+^ is a polynomial ring over R/I in g variables. Let G' = 

n>0 j>0 

Consider the following exact sequence. 

> K > G®rR/1 — ^ G', 



/n+i pi jn 

where K is the kernel of Lp. Notice that the n-th component of K is = — • 

want to show that K = {). 

We use induction on g. First let g = \. In this case / is generated by a single regular 
element. Since I = IRnR and = r+'^R D R, we obtain DT = iT, or K = 0. 

Now we assume that g > 2. Let / = (oi, . . . , Og), R' = R[zi, . . . ,Zg], and /' = IR'. 
Let x = Yli=i'^i^i S ^' ^'^d 9^ = R'/{x) and 3 = I'/{x). By Theorem 12. 1) we have 
'3 = I'/{x). Denote the associated graded rings of /' and Di by G and G respectively. Then 
g ~ G/(x + Let g' = 00^/0^. Then we obtain the following commuting diagram 

whose rows are exact: 

— > k®gQ — > G ® R'/T ®G g G' ®G g 



— > g^m^P — > g', 

where the isomorphism (*) follows from 3 = I'/(x), the exactness of the first row from the 
fact that X + I'^ is G'~regular (Lemma ll.ll -(c) ) , and the exactness of the second row from 
the induction hypothesis. It follows that (8) Ig is injective. Therefore K ^ = 0, which 
gives that K = hy the graded Nakayama Lemma. □ 
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3 Modules over two dimensional regular local rings 



Notation 3.1 Let (i?, m) be a Noetherian local ring and E a finitely generated torsionfree 
i?-module such that Ep is free for very prime ideal p of ii with depth Rp < 1. In this case 
E automatically has a rank e which we assume to be positive. Let U = Yl^=i ^ 
reduction of E. Let Z = {zij \ 1 < i < n, 1 < j < e — 1} be a set of indeterminates over R. 
Set 

n e—1 

R" = R[Z]^Ryz], U" = R" U, E" = R" ®r E, xj = ^ z^ai, and F = ^ R"xj. 

i=i j=i 

The module -F is a free -R"-module of rank e — 1 and E" /F is torsionfree with rank 1, 
which is isomorphic to an iZ"-ideal ([22l 3.2]). An i2"-ideal I with I ~ E"/F is called a 
generic Bourbaki ideal of E with respect to U ( \22\ 3.3]). We refer the reader to [22] for a 
general discussion of generic Bourbaki ideals, including the fact that a generic Bourbaki ideal 
is essentially unique ([22, 3.4]). If E has finite projective dimension, then the ideal / ~ E" /F 
can be chosen to have grade at least 2 ([22| 3.2]). This ideal is uniquely determined by E 
and the generators ai, . . . , a„ of ?7; we will call it a generic Bourbaki ideal of E with respect 
to U of grade at least 2. If {/ = F, we simply call it a generic Bourbaki ideal of E. 

Our objective is to study whether a generic Bourbaki ideal of the integral closure E with 
respect to E is integrally closed. In this section we consider the case of two-dimensional 
regular local rings. Thus let (i?,m) be such a ring. For an i?-ideal /, the order o{I) of / is 
defined to be the largest integer r such that / C m^. Let F be a finitely generated torsionfree 
-R-module with rank e and write E* = IIom/j(S, i?). There is a natural embedding E C 
E** , where E** is a free module of rank e and the length X{E**/E) is finite. Using this 
embedding, the order o{E) of E is defined to be the order of Y\tiQ{E** / E) . Suppose that 
the maximal ideal m is generated by a, h and let S" = i? [^] . Identifying E** with R^, which 
is contained in S^, we let ES denote the S-submodule of generated by E. This module 
ES is called the transform of E in S. It is isomorphic to the module E ®r S modulo its 
S'-torsion. A module E is said to be contracted li E = ES H R^ for some S. Finally, we 
denote the minimal number of generators of E by ^{E). 

We will use these facts about transforms of modules and contracted modules that are 
proved in [16] : 

Theorem 3.2 Let i? be a 2-dimensional regular local ring with maximal ideal m = (a, 6) 
and let S be a finitely generated torsionfree i2-module. 

(a) If E is integrally closed, then so is the transform ES in S = R [^] . 

(b) If E is integrally closed, then E is contracted. 

(c) An i?-module E is contracted if and only if y{E) = o{E) + rank(F). 
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Proof. Part (a) is proved in p^Gl, 4.6], part (b) in [TH 4.3], and part (c) in [TBI 2.5]. □ 

Let us recall that for a presentation i?™" i?" ^ E ^ 0, the i-th Fitting ideal 
Fittj(ii^) of E is the i?-ideal generated by the (n — i) x (n — i)-minors of (p. These 

ideals only depend on E. 

Lemma 3.3 Let (i?,m) be a 2-dimensional regular local ring. Let E be a finitely generated 
torsionfree R-module with rank e > 0, and U = ^^^i ^ reduction of E. Let L ~ E"/F 
be a generic Bourbaki ideal of E with respect to U of grade at least 2 . 

(a) The Fitting ideals FittQ{E** / E) and Fitte(-E') are equal. In particular o{E) = o(Fitte(-E')). 

(b) The order of E is equal to the order of I. 

(c) // E is contracted then I is contracted. 

Proof, (a) Since R^/E has projective dimension at most 2, the ideals FitiQ{E** / E) and 
Fitte(-E') are isomorphic ([3, 3.1]). But both have height at least 2, which implies that they 
are equal. 

(b) We use the notation of 13.11 with x = xi. Notice that E"/{x) is torsionfree ([22, 3.2]). 
First we show that o{U") = o{U" / {x)). By part (a), this assertion follows once we have 
shown that o(Fitte([/")) = o(Fitte-i(f/"/ {x))). Let (/? be a matrix presenting U with respect 
to the generators ai, . . . , a„. There are presentations for U and U" /{x) of the form 

^ jj ^ Q 

j^„n ^ U"/{x) > , 





z\ 






where ip = 






. Therefore we obtain 











Fitte_i(C/'7(x)) = In-e+litp) = (^ZiSij, In-e+li^)), 

i 

where the Sjj's generate In-e{^)- Set r = o(Fitte(t/"))- We have 

Fitte_l(C/7(x)) C In-e{^)R" = Fitte(C/") C n\ 

Hence it suffices to show that Fitte-i(^7"/(2^)) ^ n''^^ ■ Suppose not. Then Ylii^i^ij ^ ^^^^ 
for every j. Therefore Sij G m'""''^ for all i, j, and Fitte(^7) = In~e{^) = {sij) C m^'+^, which 
is a contradiction. 

Since C/ is a reduction of E, the ideal Fitto(i?'^/J7) is a reduction of Fitto(i?'^/-E') ([211 
1.2]). Hence o{U") = o{E") and likewise o{U"/{x)) = o{E"/{x)). Therefore o{E") = 
o{U") = o{U"/{x)) = o{E"/{x)). Using induction on e, we obtain that o{E") = o{I). 
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(c) Suppose E is contracted. Then E" is contracted so that v{E") = o{E") + e by Theo- 
rem [32] (c). Hence we obtain 

iy{I) < o{I) + 1 = o{E") + 1 = v{E") - e + 1 < 

where the inequahty * holds by part (a) and the equahty ** by part (b). Therefore / is 
contracted (Theorem 13.21 (c)). □ 

Let be a 2-dimensional regular local ring with the maximal ideal m = (a, h) and 
S = R [^] . Let be a maximal ideal of S containing mS. Then T = S<yi is a 2-dimensional 
regular local ring and is called a first quadratic transformation of R. For an i?-ideal /, we 
can write IS = a^I for some S'-ideal /, where r = o(/). Furthermore we call the localization 
(/)frt a first quadratic transform of / and denote it by /. This ideal / has grade at least 2. 
Let E he a finitely generated torsionfree i?-module. We call the module ET the transform 
of E in T. We show how a generic Bourbaki ideal of grade at least 2 behaves under a first 
quadratic transformation. 

Lemma 3.4 Let (i?, m) be a 2-dimensional regular local ring and (T, 9T) a first quadratic 
transformation of R. Let E be a finitely generated torsionfree R-module and U a reduction 
of E. Then a first quadratic transform of a generic Bourbaki ideal of E with respect to U 
of grade at least 2 is a generic Bourbaki ideal of ET with respect to UT of grade at least 2. 

Proof. We use the notation of 13. 1[ Notice that T" = T[Z]<yi]^^z] is a fii'st quadratic 
transformation of R" . Let / ~ E" /F be a generic Bourbaki ideal of E with respect to U 
of grade I > 2. Let t(— ) denote T"-torsion. Consider the following commuting diagram 
whose rows are exact: 

> > t[E"®T") > t{I®T") > 

> F®T" — ^ E"(S)T" > 1(E) T" > 0, 

where t is injective because F T" is free. By applying the Snake Lemma, we obtain an 
exact sequence 

> FT" > E"T" > IT" > 0. 

Therefore E"T" / FT" ~ IT" = a^I ~ /, where r = o(/). Since there exists a generic 
Bourbaki ideal J ~ E"T" / FT" of grade at least 2, the isomorphism J I implies that 
J = 1. □ 

Theorem 3.5 Let (i?, m) be a 2-dimensional regular local ring. LetE be a finitely generated 
torsionfree R-module with rank e > 2 and let U be a reduction of E. Then E is integrally 
closed if and only if any generic Bourbaki ideal of E with respect to U is integrally closed. 
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Proof. We use the notation of 13.11 and let n = (a, b) denote the maximal ideal of R" . Let 
/ ~ E" /F be a generic Bourbaki ideal of E with respect to U of grade at least 2. 

Suppose that E is integrally closed. In order to show that any generic Bourbaki ideal of E 
with respect to U is integrally closed, it is enough to show that / is integrally closed because 
any other generic Bourbaki ideal isomorphic to E" / F is obtained from / by multiplying 
with a nonzerodivisor. In order to show that / is integrally closed, we use induction on 
the multiplicity e(/) of /. If e{I) = 0, then / = R" and we are done. Suppose e{I) > 1. 
Since E is integrally closed, E is contracted according to Theorem 13.21 (b). By Lemma 13.31 
(c), we have / = IS" n R" for some S" = R" [^] . Hence it is enough to show that IS" 
is integrally closed. There are only finitely many maximal ideals . . . of S" which 
contain / = -^IS", where r = o{I). Hence it suffices to show that {I)<x^ = I is integrally 
closed for each i = 1, . . . , m. For simplicity, let T" = S'<^, I = (1)%^, and T = Styx^ns- Then 
e(/) < e(/) ([9l 3.6]). Since E is integrally closed, the transform ET is integrally closed by 
Theorem 13.21 (a). By Lemma 13.41 / is a generic Bourbaki ideal of ET with respect to UT 
of grade at least 2. Since e(/) < e(/), by induction hypothesis, / is integrally closed. 

The converse will be proved in Proposition 14.41 □ 

Corollary 3.6 Let {R, m) be a 2-dimensional regular local ring and E a finitely generated 
torsionfree R-module with rank e > 2. If E is contracted, then Fitte(ii^") is a generic 
Bourbaki ideal of E of grade at least 2. If E is integrally closed, then Fitte(-E") is integrally 
closed. 

Proof. We use the notation of 13.11 with U = E and let n = {a,b) denote the maximal 
ideal of R". Let / ~ E" /F be a generic Bourbaki ideal of E with grade at least 2. Extend 
the basis of F to a generating set of E" and let i?"""^ i?"" — > E" — > be a 
presentation of E" with respect to these generators. Let ip be the n — e + 1 byn — e 
submatrix of ip consisting of the last rows of y?. Then ip \s a. presentation matrix for the 
module E" / F. Hence the ideal In-ei'ip) is a generic Bourbaki ideal of E with grade at 
least 2. Therefore / = /n-e(V') ^ Fitte{E"). In order to show that Fitte(£;") Q I, we 
use induction on e{I). If e(/) = 0, then / = R" and we are done. Suppose e{I) > 1. 
Since E is contracted, / = IS" n R" for some S" = R" [^] (Lemma 13. 3p . For any maximal 

ideal m of S" containing n5" and T" = S'<^, we have Fitt^) = Fitte{E"T") by pj', 4.7]. 
Since e(7) < e(/), by induction hypothesis, Fitte(£;"r") C I. Therefore Fitte(F) C I 
for every T" . Since o(Fitte(F)) = o(/) (Lemma [33]), we get FitteiE")S" C IS". Hence 
FiUe{E") C Fitte{E")S" n R" C IS" n R" = 1. □ 

The next result about integrally closed modules over 2-dimensional regular local rings 
has been proved in |16| 5.2] and [151 4.1]. Here we deduce it from the corresponding 
statements for ideals, using Theorem 13.51 

Corollary 3.7 Let {R,m) be a 2-dimensional regular local ring. Let E be a finitely gener- 
ated torsionfree R-vaodule. Suppose E is integrally closed. Then 
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(a) The module E is normal. 

(b) E'^ = UE for every minimal reduction U of E. 

(c) The Rees algebra TZ{E) is Cohen-Macaulay. 

(d) Let G be a finitely generated torsionfree integrally closed R~module. Then EG = 
(E G)/t{E (Sir G) is integrally closed, where r(-) denotes R-torsion. 

Proof. By Theorem 13.51 ^ generic Bourbaki ideal of grade at least 2 is integrally closed. 
Now part (a) follow from P 3.7] and [22l 3.5(a)(ii)], part (b) from [HI 5.5] and [22l 3.5(c)], 
and part (c) from [HI 3.2] and [22l 3.5(a) (i)]. Finally for part (d), notice that {E ® Gf is 
integrally closed by part (a). Since EG is a direct summand of {E © G)^ = E"^ ® EG © G^, 
the module EG is integrally closed. □ 



4 Specialization by generic elements of modules 

Lemma 4.1 Let R be a Noetherian ring and E a finitely generated torsionfree R-module 
having a rank e. Suppose that E is locally free in height 1. Then there exists an embedding 
E d R^ such that {R'^/E)p is cyclic whenever d'luiRp < 1. 

Proof. Let E* denote }iomR{E,R) and let (i?™)* ^ £■* ^ be exact. Then there is 
an embedding E** ^ for some m. Since the natural homomorphism E — > E** is 
injective, we get the exact sequence ^ — > i?™" — > C — > 0. Notice that Cp is free of 
rank m — e for any prime ideal p of height 1. There exist elements ai, . . . ,am-e-i in C 
that are basic locally in codimension 1 ([]). Thus F = X^^IL^'^"^ Roii is a free summand of G 
locally in codimension 1. Now consider the following commuting diagram with exact rows 
and columns. 



> > F > 

> E > > G > 

By the Snake Lemma, we obtain the exact sequence ^ ^ R^^^ — > G/F 0. Since 
C /F has a positive rank, there is an element f3 = P + F £ G/F such that R(3 ~ R. Hence 
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by applying the Snake Lemma to the commuting diagram 





R 



Rf3 







E 



R 



e+l 



C/F 







we get the exact sequence Q^E^R^^C/{F + R0) 0. For any prime ideal p with 
ht p = 1, we have 



uiiRyE),) = v{{C/{F + RI3)\) < u{{C/F),) < v{C^) - (m - e - 1) = 1. 



□ 



Let i? be a Noetherian ring and E a finite i?-module having a rank. Recall that E is 
said to be of linear type if the natural map from the symmetric algebra S{E) onto the Rees 
algebra 'R-{E) is an isomorphism, or equivalently, if S{E) is i?-torsionfree. 

Lemma 4.2 Let R be a Noetherian ring and let E = Y17=i-^^i ^ torsionfree R-module 
having a rank e > 2. Let E C R^ be an embedding such that v{{R^ / E)p) < e — 1 for 
any p G Spec(i?) with depth Rp < 1. Let R' = R[zi, . . . , Zn] be a polynomial ring with 
indeterminates Zi, E' = R' 0/? E and x = X^ILi-^*'^*- Then R'^ /{x) is of linear type. 

Proof. The embedding E (Z R'^ in the assumption induces an exact sequence R^ — > 
R" R^E such that u{{R''/E)p) < e - 1 for every p G Spec(i2) with depth R^ < I. 



Then there is an exact sequence 



R' 



R" 



0, where $ = 



Since R'^ /{x) has projective dimension at most 1, in order to prove that it is of linear type, 
it is enough to show that grade > 2 ([1, Proposition 4]). Suppose there is a prime 

ideal *p G Spec(i?') containing such that depth R'^ < I. Let p = *p n R. We have 

grade p < 1. Then since grade Li{ip) > 2, we get Ii{ip)p = Rp and we may assume that 



1 

622 

: 

6e2 





ben 



and <!> 



6222:2 H 1- 

be2Z2 H \- benZn 



Since E 

b2nZn, ■ 



Imijj has rank e > 2, we have grade L2{ip) > 1. Therefore the ideal (622-22 + • • • + 
, be2Z2 + • • • + benZn) in R\z2, • • • > has grade at least 1. It follows that the 

> be2Z2 + ■ ■ ■ + benZn) has grade at least 2 and 



i^'-ideal /i($(p) = (zi, 6222:2 H h62„2;„, 

/i($(p) C ^-R(p, which is a contradiction. 



□ 
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Lemma 14.21 requires an embedding E d R'^ such that i'{{R^ / E)p) < e — 1 for any 
p S Spec(i?) with depth Rp < 1. Notice that such an embedding exists if the ring R 
satisfies 5*2 by Lemma 14.11 Now we are ready to prove the module analog of Theorem 12.11 

Theorem 4.3 Let R be a Noetherian, locally equidimensional, universally catenary ring 
such that locally i?red is analytically unramified. Let E = ^^=iRai be a torsionfree R- 
module having a rank e > 2. Let E C R^ be an embedding such that i'{{R^ / E)p) < e — 1 
whenever depth Rp < 1. Let R' = R[zi, . . . ,Zn], E' = R' E, and x = J2i=i^i'^i- 



E' and E'/{x) 
Then 



R"=/{x) 



denote the integral closure of E' in R'^ and that of E' /[x) in R'^/{x). 



Proof. We may assume that i? is a local ring of dimension d. The given embedding defines 
a Rees algebra TZiE) as a subalgebra of a polynomial ring S = Sym(i?'^) = R[ti, . . . ,te]- 
Let I be the S-ideal generated by E. The symmetric algebra Sym{R'^/E) of R^ /E is S/I 
and by [ini 2.6] we get 

ht / = d + e - dim(Sym(i?7S)) = min { e + ht p - v{{R^/E)p) } . 

p6Spcc(if,) 



For any p G Supp(i?'^/-E), we obtain 



' ht p > 2 if ht p > 2, 
htp + 1 =2 ifhtp = l, 



e + ht p - iy{{RyE)p) > < 



^ e > 2 if ht p = 0. 

Therefore the ideal I generated by E has height at least 2. Let S' = S[zi, . . . , Zn], I' = IS', 
and x = Y17=i ^i'^i- Theorem 12. H we have I'/{x) = I'/{x) C S' /(x). 

The embedding E' C R'^ defines a Rees algebra TZ{E') as a subalgebra of a polynomial 
ring S' = Sym(i?'7 = R'[ti, . . . ,te]. Notice that /' is the S' ideal generated by E' . By [3 
1.2], we have E' = [l' ]i- Therefore we obtain 



I'/ix) 



[ I'/ix) ]^ = E'/{x) C E'/{x) C R'y{x). 



It remains to show that E'/{x)^ ^^^^ C 
Since the module R'^/ (x) is of linear type (. 



I'/{x) 



. For simplicity, let E denote E'/{x). 



emma [4r2]) . we have 



7^(E) C 7^(E) C n{R'y{x)) = Sym{R'y{x)) 



S'/{x) 



where ^> is the natural map induced by the identity on R'^/{x). Let n G E C R'^/{x). Then 
there is an equation in TZ{R'^ / [x)) of the form 



u + a\u -\- •■■-]- ar, 



0, ai G E*. 
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Applying $ to this equation, it converts into an equation of integrality of u £ S' /{x) over 
the ideal /'/(x). Therefore we obtain n G ■ □ 



Recall that if R is normal, the integral closures E and E' / (x) do not depend on embed- 
dings into free modules. 

Proposition 4.4 Let R be a normal ring and let E be a finitely generated torsionfree R- 
module having a rank e > 2. Let U = X^"=i-Rcii be a reduction of E. Let R' = R[zi, . . . , Zn], 
E' = R' iSirE and x = Yl'i=i^i'^'i- U is integrally dosed, then E is integrally closed. 



Proof. By Lemma |4.H there exists an embedding E C R^ such that v{{R^ / E)p) < e — 1 
for any p E Spec(i?) with depth i?p < 1. This embedding induces an embedding U C R^ 
such that v{{R^ /U)p) < e — 1 for any p G Spec(i?) with depth -Rp < 1 because E/U has 
grade at least 2. Then it follows from Lemma 14.21 that R"^ /{x) is torsionfree. Hence there 
are embeddings E' /{x) C R"'/{x) C R""^^ by which we obtain E' /{x) C C E' /{x) C 

R""-^. Hence if E'/(x) = E'/{x), then E = E. □ 

Theorem 4.5 Let R be a universally catenary normal ring that is locally analytically un- 
ramified. Let E = Y27=i ^ finitely generated torsionfree R-module having a rank 

e > 2. Let R' = R[zi, . . . , z„], E' = R' E, E' = R' ^E, x = XlILi ^i^^i- Suppose that 
for every p G Spec(i?) with depth i?p < 2 either Ep has a nontrivial free summand or Rp is 
regular. Then E'/{x) = E'/{x). 

Proof. By Lemma |4.H there exists an embedding E ^ R^ such that v{{R'^ / E)p) < e — 1 
whenever depth Rp < 1. By Lemma 14.21 R"^/{x) is a torsionfree module of rank e — 1. 
Therefore there exists an embedding R'^/ix) ^ R"^^^. Consider the following diagram: 



E'/{x 




/e-l 



Let <B denote E ' /{x). By Theorem 14.31 we have 

g = €n(i?'7(x)). 

Therefore we obtain that 

C R'^-^/{R'y{x)). 

Since the projective dimension of R'^^^ / {R'^ / {x)) is at most 2, every associated prime ideal 
*P G Assij/(^/^) has grade at most 2. Hence it is enough to show that G;sp is integrally 
closed for every prime ideal *P with depth < 2. Let p = ^ r\ R. 
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Suppose that depth i?p < 1. Then Ep = Ep is free. If not all Zj's in *P, then ^sp is free 
so that it is integrally closed. Otherwise, since e > 2 and depth i?^ < 2, Rp is a field and 
e = 2. Therefore 

% = {E'/{x))^ = {R'ai © R'a2)/{ziai + 2202) {zi, Z2)R'<:p, 

which is the maximal ideal. Hence ^<p is integrally closed. 

Suppose that depth Rp = 2. Then we have depth = 2 and *P = pR'. Suppose that 
Ep has a nontrivial free summand. In this case one of the generators ai, . . . , a„ of E'p, say oi, 
generates a nontrivial free summand and we may assume that ai = (1,0) in Rp (B L = Ep. 
Since *P = pR', zi is a unit in iZqj and we obtain 

(B^= {{{Rp®L) R')/{zi,Z2a2 + --- + Znan))^^ (L^R%, 

which is a direct summand of E'i^. Therefore Csp is integrally closed. Now suppose Rp is 
regular. Since ^ = pR', by Proposition 14.41 it is enough to show that a generic Bourbaki 
ideal of Ep with respect to Ep is integrally closed. This assertion follows from Theorem 13. 51 
□ 

Corollary 4.6 Let R be a universally catenary normal local ring that is analytically un- 
ramified. Let E be a finitely generated torsionfree R-module with rank e > 2. Suppose that 
for every p G Spec(ii) with depth Rp < 2 either Ep has a free summand of rank e — 1 or 
Rp is regular. Then a generic Bourbaki ideal of E with respect to E is integrally closed. 

Proof. Let E = ^^=1-^0^, R' = R[zi, . . . , Zn], E' = R' E, and x = YJl=iZiai. By 
Lemma [4.21 E'/{x) is torsionfree. Let *p S Spec(iZ') such that depth R'^^ < 2. Once we 
show that either (£"/ (a;))sp has a free summand of rank e — 2 or R's^ is regular, then the rest 
of the proof follows from Theorem 14.51 and induction on e. Let p = ^ f] R. By assumption 
either Ep has a free summand of rank e — 1 or i?p is regular. If depth Rp < 1, then Ep is free. 
If not all Zj's is in *p, then {E' / (x))(p is free of rank e — 1. Otherwise e = 2 and the assertion 
is trivial. Suppose depth Rp = 2. Then *p = pR'. It is clear that i?^ is regular if Rp is 
regular. Suppose that Ep has a free summand of rank e — 1. We may write Ep = Rp (B L, 
where ai = (1,0) and L has a free summand of rank e — 2. Then zi is a unit in i?^ and we 
get (£"/(x))(p ~ (L (g) -R')??' which has a free summand of rank e — 2. □ 
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